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Molecular Dynamics Calculation of the Viscosity
of Xenon Gas

Raymond D. Mountain1

Received December 12, 2006

The density variation of the viscosity of xenon gas is determined using
molecular dynamics simulation with a semi-empirical pair potential fit to
low-density gas properties. The gas states ranged in density from 0.37 to
7.62 mol · dm−3, and varied in temperature from 240 −591 K. The simulation
results match the kinetic-theory predictions for the model potential at the
lowest density, and systematically lie below the experimental values for higher
densities. This indicates the need for many-body interactions to accurately
predict the viscosity of xenon gas at even moderate densities. An operational
criterion for identifying the density region where kinetic theory is appropriate
is proposed.
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1. INTRODUCTION

In this note we address the question: What is the proper way to interpret
the density dependence of the viscosity of a gas as the density increases?
The Rainwater–Friend theory [1–3], provides one answer based on the
assumption that atom interactions are pairwise additive. There are two
simulation studies of the viscosity of xenon that bear on this question. In
the first one, the shear viscosity of xenon at 270 K was determined using
a Lennard-Jones potential [4]. The agreement with experiment was good
at low density but showed deviations as the density increased. It is not
known if the deviations were due to the absence of many-body interactions
or due to inadequacy of the model. The second study [5], employed both
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two-body and three-body interactions for dense fluid xenon. Numerically,
the Aziz pair potential for xenon employed here [6,7], is very close to the
pair potential developed by Barker and coworkers [8], and used in Ref.
5. That study found that three-body interactions were even more impor-
tant for thermodynamic properties than for the viscosity. Both studies sug-
gest that many-body interactions are important for fluid xenon, but do
not provide direct evidence of their importance for the low-density gas.
The work presented here directly addresses this question, and shows that
a semi-empirical pair potential that accurately reproduces the low-density
thermodynamic and transport properties of xenon is not able to accurately
generate the density variation of the viscosity of xenon gas over a wider
range of temperature and density.

Molecular dynamics simulations are a viable means for estimating the
viscosity, η, and thermal conductivity, λ, of gases [4,9]. Here, the equi-
librium time correlation function approach, frequently called the Green-
Kubo method [10], is used to determine the shear viscosity of xenon gas
as functions of temperature and density. The pair potential developed by
Aziz and coworkers [6,7], for xenon is used here. This model potential was
constructed to reproduce many thermal properties of xenon gas including
the shear viscosity. It is a better representation of the xenon pair interac-
tion than current ab initio potentials [11]. As expected, the low-density val-
ues for the shear viscosity determined using this potential in kinetic-theory
calculations [7] closely match the experimental values [12].

The Green-Kubo method determines the viscosity as the time integral
of the time correlation function of the off-diagonal elements of the stress
tensor. For a system of N particles in a volume V,

η= lim
t→∞η(t)= 1

V kBT

∫ t

0
〈Pxy(s)Pxy(0)〉ds (1)

where kB is Boltzmann’s constant and T is the temperature. The angu-
lar brackets indicate an ensemble average of the enclosed quantity. The
momentum current Pxy is the x-y component of the stress tensor,

Pxy =
N∑

i=1

miv
x
i v

y
i +

∑
i �=j

xijF
y
ij (2)

The first sum is the kinetic contribution to the stress, and is the product
of the mass and the x- and y-components of the velocity of the particles.
The second double sum is the potential contribution, and is the product of
the x-component of the separation of a pair of particles and the y-compo-
nent of the force between the pair. This form is appropriate for pairwise
interactions subject to periodic boundary conditions.
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In addition to obtaining the density dependence of the viscosity
predicted by this potential model, we will clarify some of the issues asso-
ciated with the use of the Green-Kubo approach when studying low-den-
sity fluids. One issue concerns how low a density is required to recover the
kinetic-theory result. A related issue is how to adequately sample the cor-
relation function. As the density decreases, the mean time between colli-
sions increases with the result that the integration time needed; to obtain
the proper long time limit increases rapidly. Consequently, the length of
the simulation needed; to obtain an adequate sample of independent time
origins for the time correlation function increases correspondingly rapidly.

2. METHOD

The simulations were performed on systems of 500 atoms placed in a
cubic simulation cell with periodic boundary conditions in all three dimen-
sions. The equations of motion for the NVE ensemble were intergrated
using the Beeman algorithm [13,14], with a time step of 10−2 ps. The edge
of the cell was adjusted so that the desired gas density, was realized. A
total of 31 states were examined with temperatures ranging from 240–
591 K and densities ranging from 0.37 to 7.62 mol · dm−3. The density and
temperature of the simulated states are listed in Table I in the next section.
The kinetic-theory values of the viscosity of xenon [7], match the simula-
tion values at the lowest density examined.

The off-diagonal elements of the stress tensor were generated at each
time step, and the current–current time correlation function of those ele-
ments was constructed with time origins separated by a time interval
of sufficient duration that the time correlation function had effectively
decayed to zero before the next time origin was reached. After a consid-
erable amount of testing, it was decided to separate the time origins by
10 ps. A production run produced fifteen thousand time origins. Also, the
Pxy , Pxz, and Pyz current correlation functions were generated and then
averaged at the end of the run.

Even with the large number of time origins used, smoothing of the
long time part of the correlation function was required for the time inte-
gral to reach a constant value. For long times, the time correlation func-
tion fluctuates about zero, and obtaining cancellation of the fluctuations
requires a very large number of samples. The smoothing was done by fit-
ting a Gaussian plus an exponential function to the calculated time corre-
lation divided by V kBT . The fitting function, J (t), used here is

J (t)=a1 exp(−(t/τ1)
2)+a2 exp(−t/τ2) (3)
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Table I. Calculated values of the viscosity of gaseous xenon are listed for the states exam-
ined. (Relative differences in the viscosity for two sequential runs, �η/ηave and τ2/τ1 ,the
ratio of fitting times, are also listed.)

ρ (mol · dm−3) T (K) η (μPa · s) 100�η/ηave τ2/τ1

0.37 240 18.5 0 118
275 22.1 4.5 126
284 22.1 0.5 125
303 22.8 2.1 126
377 28.0 1.1 134
591 44.2 2.5 153

0.64 275 20.8 6.7 70
287 22.8 1.3 74
344 27.1 2.2 75
378 29.3 1.4 80

1.25 276 22.2 0.4 37
301 24.5 0 39
348 28.6 3.5 40

2.03 272 22.8 0.4 25
303 25.1 5.6 24
309 25.5 0.4 24
333 27.3 2.2 24
365 30.9 0 25
377 31.0 1.0 25
433 36.4 6.0 26
445 36.4 3.0 26
527 41.7 2.6 27

2.95 281 25.2 1.9 17
314 27.9 5.4 17
344 30.3 3.6 17
405 35.1 7.1 17
473 39.9 1.0 18

7.62 327 45.9 2.1 6
378 48.4 1.4 6
429 53.5 3.0 6
533 59.7 7.4 6

The initial value of J (t) is the infinite frequency shear modulus of the
fluid G∞ [15]. The Gaussian accurately represents the short-time behavior
of the time correlation function in Eq. (1), and the damped exponential
describes the long-time behavior. An example of this procedure is shown
in Fig. 1, for the state with T = 473 K and density = 2.95 mol · dm−3. The
fitting parameter τ1 is on the order of 0.2 ps for all of the states exam-
ined. The other time parameter, τ2, varies from about 1 ps for the high-
density states to 27 ps for the lowest-density states. The parameter a1 is
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Fig. 1. Time correlation function generated in the simulation is
the solid, jagged line, and the Gaussian-exponential fit to the time
correlation function is the dashed line. Insert displays η(t). Direct
integral of the simulation correlation function is the solid line,
and the integral of the fit function is the dashed line. For this
case, τ1 =0.17 ps and τ2 =3.1 ps.

an increasing function of density, and a decreasing function of temper-
ature. The parameter a2 is an increasing function of both density and
temperature. This fitting procedure makes sense only if there is a good
separation of the fitting times. At higher densities than those considered
here, the smoothing function J (t) would not be an appropriate choice. In
terms of the fitting parameters, the viscosity is

η= a1τ1

2

√
π +a2τ2 (4)

The values of the viscosity reported below were obtained using Eq. (4).
Two methods have been used to estimate the uncertainty in the calcu-

lated values of the viscosity. The first is to compare the results for repeated
simulations of the same state. This is a very time consuming approach so
only two simulations for each of the states were made. In most cases, the
absolute value of the difference in the two values of the viscosity was less
than 5% of the average of the two values. The distribution of the ratio
of the differences to the average value is indicated in Fig. 2. An anal-
ysis, of the source of the differences indicates that the intermediate-to-
long time variation of the correlation function characterized by τ2 is the
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Fig. 2. Ratio of the absolute value of the difference in the
calculated values of the viscosity to the average value, �η/ηave,
is shown with a resolution of 0.01, for the 31 states of gaseous
xenon examined. There is no trend for large differences with
either temperature or density.

largest source of the differences. The second approach compared the time
correlations for the three individual off-diagonal elements of the stress
tensor. Again, most of the cases had estimates that varied by about 5%, or
less about the average of the correlation functions for Pxy , Pxz, and Pyz.
Again, the largest variation is in the fitting parameter τ2. The variation
from run-to-run is the more conservative estimator in the uncertainty of
the viscosity as the difference between two runs are sometimes larger than
the difference in the individual component estimated for a single run.

3. RESULTS

The viscosities calculated for the various temperature, and density
states are listed in Table I. In Ref. 5 the liquid–vapor phase properties
were determined using the Gibbs ensemble method for the pair potential
of Barker [8], which is numerically very close to the Aziz potential so we
can use those results in determining how close to the coexistence vapor
density for this model these states are. This has been confirmed through
determinations of the liquid–vapor phase boundary using grand canonical
ensemble transition matrix Monte Carlo [16], calculations with the Aziz
potential [17]. In all cases, the lowest temperature state examined here lies
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well inside the vapor phase. Note that the predicted coexisting vapor den-
sities are significantly lower than the experimental values [18].

In Fig. 3 the viscosities calculated for the lowest density are com-
pared with the kinetic-theory values obtained using the same model poten-
tial [7]. As expected, the kinetic-theory values match the measured values
extended to zero density [12]. As a rough guide to answering the question
of how low a density is needed to recover the kinetic-theory values for a
model potential, we note that the ratio of the fitting parameters, a1/a2 in
Eq. (3), is less than 0.3 for 0.37 mol · dm−3 states while it is at least 0.5
for 0.64 mol · dm−3 states. Another measure is the ratio of the time fit-
ting parameters τ2/τ1 that are listed in Table I. For the 0.37 mol · dm−3

states the ratio is 120 or larger while for the 0.64 mol · dm−3 states, the
ratio varies from 70 to 80 as the temperature increases. A separation of
the times by about two orders of magnitude seems to be a good indica-
tor of being in the kinetic-theory region. Of course, one should test for
density independence, for a given temperature, for a more definitive result.
This was done, although not summarized in Table I, and the density of
0.37 mol · dm−3 was found to be sufficient. The τ2 times for lower densities
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Fig. 3. Kinetic-theory values for the viscosity are shown as the
solid line, and the molecular dynamics values of the viscosity on
the 0.37 mol · dm−3 isochore are shown as solid circles. Within
the ±5% uncertainty in the molecular dynamics values, the two
sets are in good agreement.
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Fig. 4. Calculated values for the viscosity (filled squares),
are compared with literature values (solid circles), for the
2.95 mol · dm−3 isochore. Experimental values for T less than
350 K are from Ref. 20 and those for T greater than 350 K are
from Ref. 21.

were quite long, making the determination of a long time value for η(t)
less certain.

Next we consider how the computed values of the viscosity at
higher densities compares with experimental results. The computed values
are systematically lower than the experimental values starting with the
2.03 mol · dm−3 states. This is illustrated in Fig. 4 for the 2.95 mol · dm−3

states.

4. DISCUSSION

This paper addresses two issues. The first concerns how low a density
is needed to recover the kinetic-theory results. The answer is that the den-
sity should be low enough that the time scales represented by the fitting
parameters τ1 and τ2 should be separated by about two orders of mag-
nitude. The second issue addresses the possible need for including explicit
many-body interactions in order to obtain accurate values for the prop-
erties of gaseous xenon. The implication of the viscosity calculations is
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that higher-order potentials are needed to match the experimental values
if an accurate two-body potential is used for xenon. This is consistent
with the simulation results for liquid densities [5]. A next step would be
to include the triple dipole interactions using the Axilrod–Teller potential
[19], as there are indications that other many-body interactions for xenon
cancel [5,11].

The question of how much of the density dependence of the vis-
cosity can be described by the Rainwater–Friend theory [1,2], and how
much requires explict many-body interactions is worth mentioning. The
first density-dependent term for the viscosity of the Aziz potential has
been determined [3]. Using that result, the simulation values of the viscos-
ity are adequately described for densities up to 1.25 mol · dm−3. As noted
above, the simulation values are systematically less than the experimental
values starting with the 2.03 mol · dm−3 states. This indicates that many-
body terms become important for densities on the order of 2 mol · dm−3

and greater.
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